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We provide a detailed analysis of a realization of chiral gapless edge modes in the framework of
the Hofstadter model of interacting electrons. In a transverse homogeneous magnetic field and a
rational magnetic flux through an unit cell the fermion spectrum splits into topological subbands
with well-defined Chern numbers, contains gapless edge modes in the gaps. It is shown that the
behavior of gapless edge modes is described within the framework of the Kitaev chain where the
tunneling of Majorana fermions is determined by effective hopping of Majorana fermions between
chains. The proposed approach makes it possible to study the fermion spectrum in the case of
an irrational flux, to calculate the Hall conductance of subbands that form a fine structure of the
spectrum. In the case of a rational flux and a strong on-site Hubbard interaction U , U > 4∆ (∆ is a
gap), the topological state of the system, which is determined by the corresponding Chern number
and chiral gapless edge modes, collapses. When the magnitude of the on-site Hubbard interaction
changes, at the point U = 4∆ a topological phase transition is realized, i.e., there are changes in
the Chern numbers of two subbands due to their degeneration.
PACS numbers: 75.10.Lp; 73.20.-r
INTRODUCTION
Exotic phases in the condensed matter physics may
arise in topologically nontrivial superconductors, insula-
tors. Topological states are described in the framework
of the band theory, while the topological invariant char-
acterizes the class of a topological insulator or a topolog-
ical superconductor [1–3]. A ground state of the Chern
systems is characterized by the Chern number, it is an
integer topological number which is well defined in insula-
tor (superconductor) state for the band isolated from all
other bands [4–6]. A non-trivial topology of the ground
state provides the quantization of the Hall conductance,
which can be interpreted as the Chern number. The value
of the Chern number for a given occupied band is far
from obvious without numerical calculations, so another
approach to the study of nontrivial topological states of
the system is the existence of chiral gapless edge modes.
In the case of a rational magnetic flux per unit cell,
the Chern insulator states are realized in the Hofstadter
model. All possible energies of fermions resemble a but-
terfly and is referred as the Hofstadter butterfly [7]. The
competition of two periods (the lattice and the magnetic
sublattices) lies at the heart of the butterfly graph. The
Chern number σγ of filled γ bands satisfies the Diophan-
tine equation pσγ = q · s + γ [8, 9] (where s is an in-
teger). Equation follows from magnetic translational in-
variance of the system in the case of a rational magnetic
flux through the unit cell φ, that is determined in the
quantum flux unit φ = p/q (p, q are coprime integers).
The phase diagram representing the values of the Chern
numbers as a function of a magnetic flux is known as the
colored Hofstadter butterfly [10],[11].
Although the Chern number was originally determined
in the momentum space; several generalizations have
been constructed for quasiperiodic systems [12], amor-
phous topological insulators [13]. In the case of an irra-
tional flux the Chern number is not clearly defined, since
the Brillouin zone is not defined (the Chern number is
not determined as an integer for quasiperiodic systems
[12], the bulk-edge correspondence is broken). In the
case of an irrational magnetic flux it difficult to calculate
the topological numbers using the system-dependent ap-
proach based on successive rational approximants of the
irrational flux. Most likely the topological order is deter-
mined by the total number of gapless edge modes.
Initially, the Chern insulators were solved in the frame-
work of noninteracting fermion models with periodic and
open boundary conditions. Most of the topological states
found in condensed matter systems belong to differ-
ent classes of noninteracting topological insulators. It
is expected that weak interactions will not significantly
change the stability of topological states. The behavior
of topological phases is much more complicated, however,
once interactions are taken into account. The interaction
between particles can lead to a transition from topolog-
ical to topological trivial phase, as a result of which a
classification of noninteracting fermion systems can col-
lapse in a real system. The slave-particles mean-field
theory [14–16], the cellular dynamical mean-field theory
[17], quantum Monte Carlo simulations [18, 19] and other
methods of analytical or numerical calculations of inter-
acting fermion system do not always work in low dimen-
sional and 2D, in particular, systems with interaction.
In [20–22] the authors have explored the topological or-
der in 1D Majorana fermion models in context of the
Kitaev p-wave chain model with interaction, which ex-
hibits Z2 topological order. Strong interaction in the 1D
electron systems destroy the superconducting gap that
stabilizes the Majorana edge states. In contrast to 2D
fermion models, some 1D models with interaction are ex-
actly solvable [23, 24], which allows us to investigate the
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2effect of strong interaction on the phase state. The aim
of the work is to make a nontrivial step in the study of
topological systems taking into account the interaction,
namely, to obtain a stability criterion for the state of a
2D topological insulator taking into account the on-site
Hubbard interaction between electrons
The question arises: how important is the interaction
between fermions for the stability of chiral gapless edge
modes, hence, and the stability of the topological state?
Within the Hofstadter model, as the model of the 2D
topological Chern insulator, in which an external mag-
netic field breaks a time reversal symmetry, we found the
answer to this question. Using the exact solution of the
fermion chain model [25], we determine the stability of
topological state in the Hofstadter model of interacting
electrons. We show that the interaction leads to the topo-
logical phase transition at a critical value of the on-site
Hubbard interaction, the point of the phase transition
separates the state with gapless Majorana edge modes
and topological trivial phase. We propose the effec-
tive Hamiltonian which describes the low energy fermion
states near and in the gaps, that has exact solution for
an arbitrary strength of the on-site Hubbard interaction.
MODEL HAMILTONIAN
We consider the 2D Chern insulator defined on a square
lattice within the Hofstadter model [7]. In the case of
a rational magnetic flux through a unit cell, the Hofs-
tadter model is reduced to one-particle model of spinless
fermions with the q-magnetic cell, which leads to com-
mensurability of magnetic and lattice scales [26]. In the
presence of a transverse homogeneous magnetic field Hez
the model Hamiltonian has a well-known form [7]
H0 =
∑
n,j
[tx(n, j)a†n,jan+1,j + t
y(n, j)a†n,jan,j+1 +H.c.](1)
where a†n,j and an,j are the fermion operators deter-
mined on a square lattice with sites {n, j}. The one-
particle Hamiltonian (1) describes the nearest-neighbor
hoppings of spinless fermions with different amplitudes
along the x-direction tx(n, j) = t and along the y-
direction ty(n, j) = exp[2ipi(n − 1)φ]. A magnetic flux
through the unit cell φ = HΦ0 is determined in the quan-
tum flux unit Φ0 = h/e, a homogeneous field H is rep-
resented by its vector potential A = Hxey. The value t
changes in the interval 0 ≤ t ≤ 1, the limiting cases of
weak t = 0 and strong t = 1 hopping integrals correspond
to isolated y-chains and the original Hofstadter model [7],
respectively. We consider the 2D fermion system of size
N×N in a hollow cylindrical geometry with open bound-
ary conditions (a cylinder axis along the x-direction and
the boundaries along the y-direction). For an arbitrary
magnetic flux the model is reduced to a quasiperiodic 1D
system of length N.
TOPOLOGICAL STRUCTURE OF THE
SPECTRUM
A rational flux φ = p
q
The behavior of the fermion spectrum of the Hamil-
tonian (1) in a transverse homogeneous magnetic field
is studied in [27]. We will use this approach to study
stability of topological states of interacting fermion sys-
tems. First of all we consider the case p = 1, q = 3, the
one-particle spectrum splits into three isolated subbands
(see in fig:1). Three subbands, each of which is isolated
from all other subbands, are topological with the follow-
ing Chern numbers {1,−2, 1}. The topological subbands
are connected by the chiral edge modes, the total number
of edges modes in the gap ∆γ with allowance for their chi-
rality, determines the Chern number of γ-filled subbands
σγ =
∑γ
α=1 Cα. For a detailed study of the peculiari-
ties of the fermion spectrum we consider an anisotropic
variant of the Hofstadter model with an arbitrary t. The
values of gaps are equal to ∆ = 2|t| − 0(t2) at  = ±1
(see in fig:1).
In the case t << 1 the fermions form the chains
along the y-direction with weak tunneling of fermions
between the chains. The fermion states are determined
by the Bloch function, with a wave vector k directed
along the y-chains. The fermion states in the gaps are
calculated for a fixed k corresponding to energy of the
middle of the gap ε. In the t → 0 limit the energies
of fermions in the chains are shifted by k0 =
2pi
q or
2pi
3
for q = 3, intersect at the points kp =
(2p−1)pi
3 ,  = ±1
(p = 1, 2, 3) (see in fig:1c)). We can define the tunneling
of fermions between the y-chains as hoppings of fermions
between nearest-neighbor lattice sites along the x-chain
τ
∑N−1
n=1 a
†
nan+1 + H.c., where τ is the effective hopping
integral and n is the number of the y-chain. Using the
presentation for the Majorana fermions χn = an + a
†
n
and γn =
an−a†n
i we redefine this term in the following
form i τ2
∑N−1
n=1 (χnγn+1 − γnχn+1). Majorana operators
γ(j) are defined by the algebra {γ(j), γ(i)} = 2δj,i and
γ(j) = γ†(j). We take into account the tunneling be-
tween the fermions at the points of the energy crossings,
for which the conservation of momentum and energy is
automatically realized, at the same time the chirality
of fermions is not conserved. There is the tunneling of
fermions between states with different signs of velocities
and a certain chirality.
At the energies ±1 the gaps in the fermion spec-
trum are determined by tunneling of fermions between
corresponding nearest-neighbor y−chains, as shown in
fig:1b),c). At ε = 1 for one q-cell there are the follow-
ing processes of tunneling of fermions: the fermions of
the second chain with positive
√
3
2 at −k1 and negative
−
√
3
2 at k1 velocities (black line in fig:1c)) tunnel to the
3first chain at k1 in the state with a positive velocity
√
3
2
(red line) and into the third chain at −k1 in the state
with negative velocity −
√
3
2 (blue line). The result of the
tunneling of fermions does not depend on the wave vec-
tor, since the tunneling of particles occurs between states
with the same wave vectors. Let us write the tunneling
processes between the fermions located at n=2 y-chain
and n=1 τγ2χ1 and n=3 τγ3χ2 chains. Majorana op-
erators connect the states of fermions with energies ±ε
with states of particles and holes. The tunneling process
of fermion between the y-chains in the gaps occurs with
a change of the chirality of fermions, it is described as
χn−1γn, χnγn+1 ... (at ε = 1) or χnγn−1, χn+1γn...(at
ε = −1) movement of fermions along the x-chain. We
note, that these processes of tunneling are determined
by the conservation of momentum and energy for a fixed
energy ε. In contrast to traditional tunneling of fermions,
in which result of tunneling does not depend on the di-
rection of the fermion wave vector, in this case tunneling
of fermions with different velocities are realized at dif-
ferent energies ±ε. We define the effective Hamiltonian,
which takes into account the low energy excitations of
Majorana fermions in the gap near the energy 
Heff ( = 1) = i τ
2
N−1∑
n=1
χnγn+1,
Heff ( = −1) = i τ
2
N−1∑
n=1
χn+1γn. (2)
In the case of a rational flux N = qNc (Nc is the number
of the q-unit cells), we can consider the states of fermions
of one q-cell or Nc cells, taking into account the tunneling
of fermions belonging the nearest-neighbor cells.
The term H() determines the fermion states in the re-
gion of the energy , the total Hamiltonian H()+H(−)
does not break the U(1) symmetry of the Hamiltonian
(1). The Hamiltonians (2) define the x-chains of iso-
lated dimers, it was proposed by Kitaev [28] for describ-
ing topological superconductivity in the chain of spin-
less fermions. The tunneling of fermions located at the
nearest-neighbor y−chains opens the gaps ∆ = τ in the
spectrum at the points kp, ±1. Taking into account the
numerical calculations of the spectrum, we can define
value of τ , assuming τ = 2t. Considering a sample of a
cylindrical shape, where N/q is a positive integer, we find
that Majorana fermions located at the ends of the sample
are free at k1 =
pi
3 , zero energy edge states are realized
at k1 =
pi
3 (see in fig:1a),b)). The Majorana fermions
are paired in the dimers with energy ± τ2 , the operators
χ(1) and γ(N) are free Majorana fermions at the energy
equal to 1, they remain unpaired and form zero energy
edge states. In the weak t-limit, the velocities of the edge
modes at the middle of the gaps are ∓2 sin k1; the inter-
section points kp are weakly depend on t. Free Majorana
fermions states existing in the energy −1 are associated
a)
b)
c)
FIG. 1. (Color online) The band structure in the stripe geom-
etry for φ = 1
3
t = 1 a), t = 1
10
b) and t = 0 c) (colored lines
indicate the numbered chains in a magnetic cell). The topo-
logical structure of the spectrum does not change with the
value t > 0, the total number of the edge modes intersecting
the gaps is conserved.
with Majorana operators γ(1) and χ(N). The Majorana
fermions have opposite chirality (see in fig:1), at energies
1 and −1, the Chern numbers have opposite signs -1 and
1, respectively.
Below we consider more general case of a rational flux
φ = 16 . Numerical calculations of the fermion spectrum
are shown in fig:2. The topological structure of the sub-
bands is determined by the following Chern numbers
{1, 1,−4, 1, 1}, here two (gapless) subbands in the cen-
ter of the spectrum are one topological subband with the
Chern number −4. The behavior of the edge modes in
the first gaps, which correspond to the energies  = ±√3
at kp =
(2p−1)pi
6 , (p = 1, ..., 6) t = 0, is described by the
Hamiltonian (2) analogously to the flux φ = 13 . The
gaps are equal, ∆1 ' 2|t|(1 − 0(t2)) and τ ' 2t at
t << 1. The generalization is based on the observation,
4that the Kitaev chains, with the next-nearest neighbor
hoppings of fermions between different y-chains, can de-
scribe two zero energy states of Majorana fermions lo-
cated at each boundaries. In the t→ 0 limit the energies
of the fermions in the y-chains are shifted in the phase
pi
3 , the points kp =
pip
3 ,  = ±1 (p = 1, ..., 6) correspond
to the intersections of the energies of fermions belonging
to the next-nearest neighbor y−chains. At ε = ±1 the
gaps are equal, ∆2 ' 2t2(1− 0(t2)).
The corresponding Hamiltonian H( = 1)+H( = −1)
describing the energy states in the gaps (∆2) is deter-
mined by two isolated chains, it is a generalization of
(2)
Heff ( = 1) = i τ
2
N−2∑
n=1
χnγn+2 + i
τ
2
N−3∑
n=2
χnγn+2,
Heff ( = −1) = i τ
2
N−2∑
n=1
χn+2γn + i
τ
2
N−3∑
n=2
χn+2γn, (3)
where τ ' 2t2 at t 1 is determined the hopping integral
of fermions between the next-nearest neighbor y-chains.
From numerical calculations it follows that the effective
constant of tunneling of fermions located in the chains at
a distance δ is determined by τ(δ) ' ζtδ, the value of ζ
is decreased from 2 to 1 with δ.
The Hamiltonians (3) define the zero energy states of
Majorana fermions located at the ends of the chains with
even and odd lattice sites (see in fig:2). The wave func-
tions of Majorana fermions in the gaps ∆1 and ∆2 are
shown in fig:3a) and fig:3b), the chiral gapless edge modes
are localized at the boundaries of the sample. The edge
modes are localized in the gaps, they populate the gaps
and merge with the bulk states. The edge modes cross
the gaps connecting the lower and upper subbands and
intersect at kp due to Kramers degeneracy.
In the center of the spectrum the effective Hamiltonian
has the form Heff (+0) + Heff (−0), it determines the
band states of fermions. Thus, the fermion states in the
center of the spectrum are gapless ones for arbitrary value
of a magnetic flux. Considering the structure of the edge
modes for an arbitrary rational flux at t << 1 we obtain
the diophantine equation [8, 9], which is true for t=1, the
systems with different t are topologically equivalent.
An irrational flux φ = 1√
8
This approach makes it possible to study the topolog-
ical structure of the fermion spectrum in the case of an
irrational flux, the Hamiltonians (2),(3) describe the be-
havior of fermions for an arbitrary magnetic flux. For
an irrational flux, a magnetic translational invariance of
the system is broken, and the diophantine equation [8, 9]
is not valid. As an example, we consider the irrational
flux φ = 1√
8
as transformation of the spectrum with the
a)
b)
FIG. 2. (Color online) The band structure in the stripe ge-
ometry for φ = 1
6
strong t = 1 a) and weak t = 1
10
coupling
b). The insets in b) zoom the regions with the edge modes
(marked in red) around {pi
6
,
√
3}, { 7pi
6
,−√3}, {2pi, 1}, {pi
3
, 1},
{pi,−1}, { 4pi
3
,−1}.
rational flux φ = 13 (see in fig:1a). Numerical calcula-
tions of the excitation spectrum for a rational flux in the
Hofstadter strips with open boundary conditions were ob-
tained for samples, where Nq is a positive integer. When
calculating the spectrum for an irrational flux that is ap-
proximated by rational numbers φ ' pq , we assume that
N < q. In this case numerical calculations correspond to
the spectrum with an irrational flux to within 1N . Nu-
merical calculations of the fermion spectrum for φ = 1√
8
,
t = 1, obtained on the sample with size N = 300, are
shown in fig:4a). In the case of the irrational flux a fine
structure of the topological subbands is formed. The be-
havior of gapless edge modes, associated with these sub-
bands, depends on the size of the sample, the shape of
these modes is different for different values of N , while
their total number is conserved. The Chern number is
determined by the integral of the Berry curvature over
the Brillouin zone, reduces to integration along the Bril-
louin zone boundary. In the case of an irrational flux,
the Chern number is not well defined for an indefinite
unit cell [12], but the total number of chiral gapless edge
modes is conserved. Using the numerical calculations at
t=1 and proposed approach at t << 1 we shall show
below, that in the case of an irrational flux, the total
number of chiral edge mode in the gaps of the fermion
5a)
b)
FIG. 3. (Color online) The spectrum of gapless Majorana
fermions as a function of k for t = 1, φ = 1
6
. The inserts
exhibit a wave function of fermions (its real part, and imagi-
nary part has the same behavior) defined at the lattice sites l
(along the x direction, N=1200). The edge modes are shown
in the gap ∆1 at k = 0,  = 1.51; k = 0,  = 2.71; k =
0.167pi,  = 2.24 a) and in the gap ∆2 at k = 0.405pi,  = 1.05;
k = −0.075pi,  = 1.054 b).
spectrum is fixed and determines the Hall conductance.
As was to be expected, the topological structure of the
spectrum is not critical with respect to the value of t.
The fine structure of the subbands is calculated using
the following approach. For example, consider the high-
energy subband, which lies at ε > 1 (see in fig:4a)). In
the weak t-limit t → 0, the gaps at the energies ε =
±2 cos piδq and ε 6= 0 divide this band into the subbands.
δ determines the distance between y−chains of spinless
fermions that tunnel, forming gaps in the spectrum for
these energies. For ε > 1 we have the following set:
δ = 2 ⇒ ε = 1.2114, δ = 5 ⇒ ε = 1.49091, δ = 9 ⇒ ε =
1.68196, δ = 8 ⇒ ε = 1.71643, δ = 6 ⇒ ε = 1.85648,
δ = 3⇒ ε = 1.96379 ....
We have considered all possible gaps in the fine struc-
ture of the high-energy subband when δ changes from 1
to 10. The value of δ determines also the total number
of chiral gapless edge modes, localized at a boundary, or
the Hall conductance for a given occupied subbands in
the fine structure of the high-energy band. The calcula-
tion of the fine structure of this band is shown in fig:4b)
for t = 1, the energies corresponding to the gaps vary,
a)
b)
FIG. 4. (Color online) The band structure in the stripe ge-
ometry for t = 1 φ = 1√
8
(N=300) a), a fine structure of the
high-energy subband b). 2δ denotes the total number of gap-
less edge modes in the gaps that separate the corresponding
subbands of a fine structure of the spectrum (the modes are
numerated).
but their sequence is conserved, which makes it possible
to reconstruct the topological structure of the spectrum
for any t <∼ 1. In the case of irrational fluxes the sys-
tems with different t are also topologically equivalent.
THE HOFSTADTER MODEL OF INTERACTING
ELECTRONS
The nontrivial topological properties of the 2D systems
are manifested in the existence of a nontrivial value of the
Chern number and chiral gapless edge modes. Below,
we consider in detail the stability of edge modes taking
into account for the on-site Hubbard interaction between
electrons. By introducing spin degrees of freedom, it is
possible to add the on-site Hubbard interaction U (U is
positive for repulsive interaction) in the Hamiltonian (1)
H = H0 + U
∑
n,j
(
nn,j;↑ − 1
2
)(
nn,j;↓ − 1
2
)
, (4)
where σ =↑, ↓ determines the spin of electron, the first
term in (4) takes into account the fermions with different
6spins, nl,j;σ is the density operator.
In the limit t → 0 the model (4) is reduced to the
isolated Hubbard y− chains. In the case of a weak on-
site interaction U << 1 the electron spectrum of the
Hubbard chain [23] is renormalized slightly. We study the
behavior of the Hofstadter model of interacting electrons
in the case U ≈ τ << 1 and U, τ >> µBH, where µB is
the Bohr magneton. In this approximation, the Zeeman
energy in the Hamiltonian (4) can be ignored. We stress
our consideration on the behavior of edge modes in the
gaps for a rational flux for the energy ε → 0 reckoned
from the Fermi energy. The Fermi energy lies in the
gap with a half-filled subband in which the gap appears
due to tunneling of fermions between the chains. As we
noted above, only two states of spinless fermions into the
gaps with fixed momenta −k0(n− 1)± piδ/q, and energy
ε, defined at one site n, tunnel between the y−chains,
these states have different chirality with energy ε (see in
fig:1c)).
The density of fermions at the site n, j, the energy
ε is determined as nn,j;σ = nn;σ(ε) =
i
2γn;σχn;σ +
1
2 . Taking into account that
∑
j(nn,j;↑ − 12 )(nn,j;↓ −
1
2 ) =
1
N
∑
km(n, k; ↑)m(n,−k; ↓), where m(n, k;σ) =∑
j(nn,j;σ − 12 ) exp(ikj), we obtain 1N
∑
km(n, k0(n −
1); ↑)m(n, k0(n − 1); ↓) = − 14γn;↑χn:↑γn;↓χn:↓, here
m(n, k0(n − 1);σ) = nn;σ(ε) − 12 . We used the 2piq -
periodicity of the bulk spectrum with the period k0. An
effective low-energy Hamiltonian has the following form
Heff (ε, δ) = i τ(δ)
2
∑
σ
N−δ∑
n=1
γn;σχn+δ;σ
−U
4
∑
n
γn;↑χn;↑γn;↓χn;↓, (5)
where δ denotes also the number of the chains of electrons
with the hopping integral τ(δ) between electrons located
at the sites on the distance δ, Majorana fermions are
defined for fermions with different spins.
Taking into account the spin freedom of fermions, the
Chern number for electron subbands and the gapless edge
modes doubles. As a result, at U = 0 and δ = 1 the
Hamiltonian (5) determines the two zero energy edge
modes on each boundary which correspond to fermions
with different spin. The Hamiltonian (5) with the on-
site Hubbard interaction is mapped to a noninteracting
fermion model, which can be diagonalized exactly [25].
The model is reduced to the Kitaev chain of spinless
fermions (2) with the hopping integral τ(δ) and the chem-
ical potential U [25]. Indeed, the ground state energy
and the energy of the excited states are calculated ex-
actly. For arbitrary τ(δ) and U , the energy spectrum of
the chain (5) is gapped, having the form
kx = ±
1
2
√(
U
2
− 2τ(δ)
)2
+ 4Uτ(δ) sin2
δkx
2
. (6)
FIG. 5. (Color online) Low energy spectrum of the chain
(5) with open boundary conditions as function of ξ = U
τ(δ)
.
The zero energy edge modes are marked in red in the interval
[-4,4].
For U = 4τ(δ),−4τ(δ) the gap vanishes, in this case we
have for kx → 0, piδ a spectrum (6) linear in kx. Accord-
ing to [25], the ground state degeneracy is dependent on
whether ξ = Uτ(δ) > 4 or otherwise. Interestingly, for
|ξ| < 4 the equation for wave vectors (which follows from
the boundary conditions) has one real root less than in
the previous case along with an imaginary root associ-
ated with the ends of the chain. In the thermodynamic
limit there are zero energy Majorana states. These zero
mode Majorana states are absent for |ξ| > 4 and its pres-
ence for |ξ| < 4 increases the degeneracy by two, since
excitation of the Majorana mode does not change the en-
ergy of the system. The low energy spectrum is shown in
fig:5 as a function of ξ. The zero energy edge states are
realized in the interval [−4, 4]. The number of the chiral
gapless edge modes follows the Chern number, so in the
thermodynamic limit the system has a quantum phase
transition at |ξ| = 4. The phase transition is realized
between the phase states with different Chern numbers.
The value τ(δ) decreases with increasing of δ or decreas-
ing ||, so the phase states with the Chern numbers, for
which | Uτ(δ) | > 4, are topological trivial states when the
interaction is taking into account. The topological ambi-
tions of the low energy subbands are limited by a weak
coupling U < 4τ(δ). In this case, the topological phase
transition is realized also when the filling is changed. The
criterium of realization of the topological state at the γ-
filled band separated by a gap ∆γ ' τ(δ) is defined as
∆γ >
U
4 .
CONCLUSION
We have studied the behavior of 2D fermions in the
Hofstadter model with a rational magnetic flux through
an unit cell, focusing on the realization of the chiral gap-
less edge modes. The fine structure of the bands is char-
acterizes by the Chern numbers, which are well defined
for insulator phase. The chiral gapless edge modes are
described in the framework of the Kitaev chain with ef-
7fective hopping integral of Majorana fermions. In the
case of an irrational flux the topological properties of
fermions is not described in the framework of the Chern
insulator, in this case the Chern number is not clearly
defined. The topology of the fine structure of the sub-
bands is determined by the total number of chiral edge
modes that determine the Hall conductance.
The 2D topological insulators that support chiral gap-
less edge states are extremely susceptible to the on-site
Hubbard interaction. Strong interaction generically de-
stroys the Majorana edge states, in the case of weak in-
teraction, a regime, in which the Majorana edge states
persist, is realized. The stability of the chiral edge modes
and, consequently, the phase of topological insulator is
determined by the following relation between the values
of gap ∆ and the on-site Hubbard interaction U < 4∆.
At the point U = 4∆ a topological phase transition oc-
curs in which the Chern integers of two subbands, which
degenerate as the gap closes, change by integer amounts.
The subbands near the centrum of the fermion spectrum
with smaller values of gaps are topological trivial due to
the presence of the interaction between fermions. We find
that moderate on-site Hubbard interaction did not af-
fect the phase diagram qualitatively but led to nontrivial
quantitative changes in the phase boundary. Obtained
results determine the stability of the topological state
against interactions, they can be applicable to different
2D topological insulators.
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